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I should like to  briefly commenl on a recent paper published in this 
journal by my colteaguesT.-Y. Wu & Y. C. Lee (1972) on the clock paradox, 
They claim to carry out an exact c~/Iculatio~ of  tile ~mpar i son  of  ~otal 
proper fLrztes of t'~x~ wj~tems Lhz~ are i~fifial~y in the ~ inemal frame, one 
then maErng a set of  changes from'this frame to take a round-trip journey~ 
eventuallyreturningto'the frame of  the other_ The~ conclusions wlficfi ~grees 
with the claim of the majority, is iba~ a twin who takes the trip will return, 
having aged less than hi_s brother, and~tb~r bmh t~6~_s will z~ee  or~ the pre- 
cise quantity of  age retardation of  the trax, eiie~, ~eiative to the %ray-at-home" 
brother. 

~r do not believe that these authors have ia fact carried o~t an exacL ~ r  
~m unam-big~,tm~ treatment of this p/oblem, nor that their conclusions are 
justified, even in an appro~fi~ate sense~ Their method of analysis is perhaps 
applicable to some problems in special relativity theory, but not so to the 
clock problem, which I contend must necessarily entail an incorporation of 
nonuniform motion in the proper way, accord/ng to general relativity theory 
~ a erudM ingredient. 

First, re~t l  the source of the logica! paradox i~a ~l~/s problem. It is this: 
I f  the time parameter in any frame directly correlates with the physical 
process of aging in that frame, as ciewed by any p a r t f c u i a r ~ e r ,  then 
the time contraction from one frame to another relatively moving one L-nplies 
that the physical System is aging more siowly in the mm4ng fl'ame. The 
logical paradox comes up because 'moving' is purety subjective in re!ativity 
theory--that  is to say, an observer in the frame that was previously called 
'moving"can e qually be called 'stationary', observing the observer who. was 
previously "stationary" to be 'moving', without altering any of the physicaI 
description~ or any of its objective conclusions. Thus, beth. observers would 
claim that the other is aging more s!owly! Now if both observers' statements 
are scientifically valid, then when one of the twins returns keme, his brother 
would conclude that he is both o!der and younger than he is ! This is a logical 
paradox~i.e,  it ~s nonsense--and therefore must be removed. 
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To resolve the paradox, the l hooey must predic, h~stead that both brothers 
a ~ .  on a eonc l~on  (qualitatively and qt~antitalive!y) abou~ the outcome 
of the experience. There are two possible choices: (I) either one of the t~rns 
will be younger after lhe j ore-hey is over (both agreeing on ff~eprccise amcunt 
of age discrepancy) or (2) there is no asymmetric aging.- 

Einstein originally argued for choice (1)--as do most c 0 ~ e a r ~ a r y  
ph~'~AcL~"t~ (and as Wu and Lee do in thek paper). In a ~:ent  pa~_~r (Sachs, 
1971) I have argued that choice (2) is the only one that is implied when the 
tl~eory ofrdativity is fully exploited~both from the logical point of view 
and from the view of an exact, unambiguous mathematical treatment of 
this problem. 

Einstein argued that the paradox would be resolved when the actual 
asymmetry is taken into account; regarding the motion ofa  ~ace  traveller 
away from the earth. That is, the man in theroeket ship would ~ the earth, 
a~ wel! as his broL~er~ mo'..rng away from h~m as his r~ke t  en#nes blast off. 
The'~ationary.;" m ~  a*. the lalmching s ~ ,  o~ trio other hand, would s ~  his 
brother moving a~a5 ' f rom him a~d a stationary earth. In one case~ then, 
the earth is in motion, while in the othez~ ~t is 10or-:--thereby descriNng zzu 
asymmetry in the respective motions of the ~ ,eLative to the~rsuz~round - 
lugs, How should one handle this comparison of d ~ [ p l k m s  tmambigu- 
ously ? Secondly, why should a resolution of the paradc~: .-::~t e.rdst in terms 
era universe of two equally massive systems moving relative toe ,  oh o t h e r ~  
~2~he re  l~Se ~_~& v:ou!d~ot be involved?.- : 

Einstein suggested fna~ to mtrod~ze the asymmetry taking into acco~m 
the-motion ofthe rocke~ in the field of ~ c  earth, one may use the princip]e 
of equivalence to derive ~he time of tu~=--aro~d of the -- '  " r ,~:et sh~p. q-his, 
in tam, adds a compensating t e ~  in the earth observer's measurements tb at 
is not added in the rocket ship observer's measurements. ~, ~,! predicts that 
both twins will then a~ee that it is the rocket s~p travc1~e: v..?= = ~:~l age less 
than his brother during the round tripjo urneyo The eqaatio~ of moi~or~ that 
Einstein suggests for the turn.around period is, according to the principle 
of equivalence, g = constant, g being the a~eleration due to gravffy (see 
Tolman, t934). 

I argued in my paper (Sachs, 1971) that while this procedure does g~ve a 
compen~ting term so tha~ both observers would a~ee that oaty one of 
them should be Younger after the trip is over, the prediction ~s quantitatively 
ambiguous because the equation of motion, g = coast., is only the New- 
tonian limit of more general equations of motion of general relativity theory 
(the ~odes~c equation entails ten potential functions of space-time coordin- 
ates). Vgnen the approkimation used for this equation of motion is relaxed, 
there is no reason why in the more precise description the prediction would 
remain that the two twins would ~ in agreement on the quantitative value 
of asymmetric aging, if it indeed happens. That is, there is no proof that the 
coefficients of v/c to higher powers than 2, wot~ld a~ee numerically in 
comparing the predictions ol ~ each of the twins. 



npproxJmation that  yields an ambiguous conclus~or~. They er ~he 
Loremz eovar/ant des~-aSption of special relativity, where, the proper tfi~e is 

= t ( l  - -  (v[c)2)~s% where r is ~he constant velocity of  the relative mo~ion. 
They then extend this transformation by keeping i~s form bm letting v 
become variable. They then integrate dz = dt(l - (~(X,I)/C)2) t'2 o~er the 
whole dosed path to get the proper time elapsed. But this is not a v~rd tr~a ns - 
formation for general relativity---Le, it does not leave invariant the metric 
ak~=g~6(x,t)dx~dxa. They are, in fa=t, ted back to a space-time that is 
equivalent to the Euclidean metric of special relativity, dxo 2 - drL 

T h t ~  Wu and Lee ~ actually talking about the motions in the tangent 
p|~.n~ (wi~h Euclidean geometry) al tile points in space-time where the 
nonuniform motion really requires a curved (non-Euclideau) spa~f ime.  
At each point, then, they are re,orienting the Lg.ngent planes to simulate a 
change in the orientation thai is evolving in the aetna/cur~ed ~ e e .  But 
this procedu~ is ambigmms became one does not k~ow here precisely how 
much ~ e  o.de~tafion of these planes must change, as one proceedscontinu- 
ously along a path. The actuai connec*ioa be.~':/een tke orie~L~,*.io~ of L~e~e 
tangent planes at continuously connected space-time. ~ i n t s  is, in fact, 
specified by the affine-connection of the Riemannian s p a ~ f m c .  Eut Wu 
and Lee do not incorporate the arlene connection into their aimlysM Th~ 
actual problem requires some non-uniform motion relative to a fLxed ob- 
server, which in turn means that hhe space-time is curvea: If  it is curved 
somew'nere, ~ e n  hhe ~paee-.tirae.Js ~z,~:ed everywhere, and tNs curvature is 
essential to an una~iguous analysis that woukl re~o~ve the clock paradox! 

According to the final remark in their paper, Wu and I.zm agree with this 
fact, that th6y are not reaJly analysing the problem in terms of  a curved 
space-time, as wQuid be rigorously required if one were incorpor~dr~g t}xe 
non-~niform motion in an exact way. Brat, ~n contrast with their comment, 
this does not mean that the clock paradox has 'no clear and e~ac~ meaning in 
general relativity" Indeed, the clock paradox has a we l l -de f i~  m,a~ing in 
general relativity, and as a logical paradox .it must be removed i~ ,~mJer to 
make sense of  the theory! As Einstein himself argued, there wo~!d be no 
resolution of  the clock paradox without going to the geaeraI reia6vity 

�9 description ! 
The ca!culational procedure that Wu and Lee follow may be ~seful if one 

' w6re considering effects that are not sensitive to the differer~:ia~ c~anges in 
the'metric space--such as the local special relativist'~c predicZions of the. 
eonser~,ed energ2y, momentum, efc. But they are investigating an effec~ that 

'is due to making changes from one inertial frame to a~other--an effect 
(flit  is present) that must be sensitive to the differential geometry. It is then 
fallacious to conclude resuIts o fan ana!ysis based on a flat space geomet~" as 
representing physical effects that are due to the differential changes in the 
geometry of a Pdemann space, t contend, ~en ,  that the Wu-~Lee result is 
not only not exact (as they'claim it is), it is not everi approximately correct. 
TU_nere is no indUe.at ion in their anMysis that they have 'resolved the clock 
paradox', 
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I have the following additionai comments or~ tfieir paper: i.. h is not lrue, 
Wu and L ~  ~sse~ that ~ e  symmetry ~ o ~ p  lha~ leaves mvariara 

ds ~ = g ~ d x T d x f ( | h e  "Einstein ~oup ' )  includes the Loren~z group b~. an 
exact sense. The laIter refers to 1he symmet~ of  special relati-dty--cor~ 
l'~pond~ng to  a fla~ space geometry. But if the sp a~  is coarved, then it is 
curved everywhere-~ven though~ for catculational purposes, orve ~ 
a.pp~oximate the curved space in the Io~3 de,main wffh the space in a tangent 
plane at that  point. Thus, there is no  real incorporation of  the Lorentz 
groep ra the  Einstein g r o u ~ - i t  is m~ly valid in an approximate sense. I have 
d i ~ s s e d  th.is point in more de~it  in Sachs (1969). In this case, then, it is 
Jogi~l!y and mathematically faI]acio~.~s to claha~ the walidity of a result 
derived whh a flat space geometry that is implicitly due to the curvature of  
space-time! Z Yhe t~tat elapsed proper time between P~ and P2 in spac,~ 
time is defined, in an exac! ~ s e ,  by the g e ~ i c  f~ds~ T~is path, in t u r ~  
follows from the solutions of  the geodesic tNuafior~, q'he e~.a~ ~o~ufio~s e f  
the Einstein field equations, g~ , t hen  c~0rrespond tc a given geodesic. I3u~ 
:Ter any other energy-momentum tenser source 2 ~ o f  Einstein's eq, aations, 
1-~e~-e 5~" a different set of solutions, gV~, and consequen.~ly a different set of  
g ~  ~a~l~o Th~s to .treat the dock  problem, in particular, exec~3; oee 
must consider two d~stinct geodesic paths, connected at the end pom~s~ The 
~ f f e r e n~  ~tvc~:-en t h e ~  ~wo geodesics is due to the difference in ihe sot~ree 
terms 7~'~--one.ineorporafmg ~ e  ~'.ergy-momentum associated with the 
.rocket engines, e~g., 0~at prope:led one ~v..-f~ away from earth and then 
brought him back again, and the or.her not involving tNs extra contribution. 
Both paths are then treated separa*.dy as closed systerns~ there is no "ex- 
ternal" force involved in the probiem. 

Different source terms, TIL T~*, thor, give dif[eren~; seoiudons g~e, g ~  in 
space-time, that correspond to the different, geodesic paahs that are to be 
connected at the end points. There is no re:.:so~ v&y tb-e two geodesic paths, 
expressed in terms of the distinct metric tenser ,o~fions,  cannot cress.~ at tge 
two end points: Thus, to trc;:~, one path as a geodesic and the other not, as 
Wa and-Lee assert, is. to use an approximation to the exact.problem that~ 
~a fact, wou~d not always yield an.enambiguous result. In my analysis 
(Sachs, t971)I compared two exact geodesics, connected at rb:e end points 
in space-timeo t found from a functional analysis of the mos~ genera~ repre- 
sentatioo of  general relatMty theory (in terms of a quaternion fidd represen- 
tation of the space-time metric) that the total proper times between arbitrary 
points in space-time (away from possible singularities~) is path-independent, 

t Because. of the role ;of cominuhy ~n relativity theory, and the dcfinifio~ of the metric 
te~or in terms ~ ,~ o~ rE., differenthd gt~metry of so.ace,time, I wouId con',end that g;~ must 
r~:ces~rily be nonsingular hmctiohs-of the space-tlme coord.~nates. Sing~ <adties can, of 
course, be milized as-coevenient mathemadcaI representations of the behavior of no~> 
singular fields in pa.~dcn!ar !ocaEties--e.g. representing the actually Continuous energy'- 
momentum tensor densi*y of '.he sun by a delta f~ction soarce, mr .representing ~Ee 
boundary conditions on the metric field, that relates to the distribution of distant matter, 
in terms of S~ng~lafi~i~2~ at  ~fir~i~y. B~I" zbese are oP, ly mathemafica! devkes tO _re_.p~ace a 
continuous scu.rce field. The reqeiremeat of an actual continuity in fl~e representation 



It then_fOllowed, w~.h fl~e c~rrelatJon of proper time a~d the p~_~ysAca~ a~ng 
ff, e proper frame, that the path-independence of the tom] proper ftmes 

for two pb),s~alty ~enEcal 'c|ocks' implies the path-ind~ndence of thei~ 
agqaag over the re.-spcct~e l~ths it, sFace-fime. Thus itw~s p~dic~ed from.a~ 
exaet, m~amb~guous al~atys~s~m~ asymme~rieagJng is ~ota tyred~eted c.onse- 
q~nce  of the theory o f ~ l ~ .  
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of.matter was recognized at an early stage of development of ',,he fineory of genera1 
relaft'clty (see, e,g. Einstein & Rose~ I935). 

In any case, the c]ock problem.can be formulated in genera/r~a~d~ity throaty whether '- 
or not one shou!d tMze s~ngu/afities in the metric field to be re.aL Shotfid such singuhri~/r 
be accepted as reM (rather than merely mathematical devices tO vepre~nt continuous 

. matter) then my analysis woa!d predict an asymmetric aging if the rock=t tmveller should 
h"avel around a real singular source ~nd no a-~:r~.-~m'.eL~e agJnz~f :h~ tr~p is into a region 
o f  space Wherethe traveller ~ d  not go around a singular source! 


